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>ey�aZ^Zqb�h�jZkly`_gbb�iehkdhklb��hkeZ[e_gghc�\uj_ahf�\�\b^_�kbff_l�

jbqghc�emgdb��h[hkgh\ZgZ�\hafh`ghklv�\uiheg_gby�mkeh\by�wg_j]_lbq_kdh]h�[Z�

eZgkZ��JZa\b\ZxsZyky�ba�m]eh\hc�lhqdb�mijm]hc�h[eZklb�fZdjhlj_sbgZ�fh^_eb�

jm_lky�njZdlZehf� ^jh[ghc� jZaf_jghklb�� hij_^_ey_lky� aZ\bkbfhklv� jZaf_jghklb�

njZdlZevghc�lj_sbgu�hl�\_ebqbgu�m]eZ�emghqgh]h�\uj_aZ��iha\heyxsZy�m^h\e_�

l\hjblv�mjZ\g_gbx�wg_j]_lbq_kdh]h�[ZeZgkZ�=jbnnblkZ��qlh�g_\hafh`gh�k^_eZlv�

\�jZfdZo�deZkkbq_kdhc�f_oZgbdb�jZajmr_gby��GZ�hkgh\_�wlh]h�\uqbke_gh�agZq_�

gb_�jZajmrZxs_c�gZ]jmadb�\�ihklZ\e_gghc�aZ^Zq_� 
   
 Ohjhrh�ba\_klgh��qlh�f_lh^u�h[uqghc�f_oZgbdb�g_�^Zxl�wg_j�

]_lbq_kdb� ijb_fe_fh]h� hibkZgby� f_oZgbafZ� kljZ]b\Zgby� lj_sbgu�

beb� ^jm]bo� lbih\� baehfh\� \� kj_^_� [_a� ^_n_dlh\��GZijbf_j��fh`gh�

e_]dh�ijh\_jblv��qlh�ihy\e_gb_�[_kdhg_qgh�fZehc� lj_sbgu� \�h^gh�

jh^ghc� ieZklbg_� ih^� ^_ckl\b_f� jZ\ghf_jghc�� gZijZ\e_gghc� \h� \k_�

klhjhgu�gZ]jmadb��ijb\h^bl�d�gZjmr_gbx�wg_j]_lbq_kdh]h�[ZeZgkZ�\�

jZfdZo�dhgp_ipbb�=jbnnblkZ�h�ijbjZs_gbb�ih\_joghklghc�wg_j]bb� 
 >Z`_�\� kemqZ_� aZ^Zqb�h�gZ]jm`_gbb�mijm]hc�iehkdhklb�� aZ�bk�

dexq_gb_f�aZ^Zqb�=jbnnblkZ��jZkijhkljZg_gb_�lj_sbgu�g_�h[tykg_�

gh�� >ey� m]eh\uo� dhgp_gljZlhjh\� gZijy`_gbc� h[uqgh� bkihevamxl�

djbl_jbc�Gh\h`beh\Z��<�kemqZ_�jZkijhkljZg_gby�ih\_joghklb�jZajm�

r_gby� wlhl� kbeh\hc� djbl_jbc� b� \ur_mihfygmluc� wg_j]_lbq_kdbc�

djbl_jbc��ih�kms_kl\m��wd\b\Ze_glgu� G��N��Fhjhah\uf�[ueh�ihdZaZ�

gh��qlh�ijb�jZkkfhlj_gbb�aZ^Zqb�h[�mijm]hc�h[eZklb�k�m]eh\uf�\uj_�

ahf�\[ebab�g_dhlhjhc�lhqdb�]jZgbpu�\uqbke_gb_�ijbjZs_gby�ihl_g�

pbZevghc�wg_j]bb�b�ijh\_jdZ�wg_j]_lbq_kdh]h�[ZeZgkZ�g_�fh]ml�[ulv�

\uiheg_gu�\�jZfdZo�deZkkbq_kdbo�ij_^klZ\e_gbc�f_oZgbdb�jZajmr_�

gby�>�@� 
 ?keb� `_� ij_^iheh`blv�� qlh� kljmdlmjm� ih\_joghkl_c� lj_sbg�

fh`gh� fh^_ebjh\Zlv� njZdlZevgufb� ih\_joghklyfb�� lh� mjZ\g_gb_�

wg_j]_lbq_kdh]h� [ZeZgkZ� fh`_l� [ulv� aZibkZgh�� b� ihemq_g� ijb_fe_�

fuc�djbl_jbc�jZajmr_gby� >�@��Wlh�ij_^iheh`_gb_�g_[_ahkgh\Zl_ev�

gh��Ih\_joghklv�baehfZ�beb�lj_sbgu��nhjfbjmxsZyky�ijb�jZajmr_�

gbb��h[uqgh�y\ey_lky�g_j_]meyjghc�\�lhf�kfuke_��qlh�hgZ�bf__l�fgh�

`_kl\h� g_jh\ghkl_c� kZfuo� jZaguo� jZaf_jh\��Ihwlhfm� j_ZevgZy� lj_�

sbgZ�g_�ihoh`Z�gZ�b^_Zevgu_�fh^_eb�k�]eZ^dbfb�[_j_]Zfb��jZkkfZl�

jb\Z_fu_�\�l_hjbb�f_oZgbdb�jZajmr_gby��;he__�lh]h��\�fhgh]jZnbb�
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FZg^_ev[jhlZ�>�@�ihdZaZgh�klZlbklbq_kdh_�kZfhih^h[b_�ih\_joghklb�

lj_sbgu��Wlb�jZkkm`^_gby�b�iha\heyxl�kqblZlv�ih\_joghklb�jZajm�

r_gby�njZdlZevgufb��gh�k�g_dhlhjufb�h]h\hjdZfb� Ke_^m_l�ihfgblv��
qlh�k�fZl_fZlbq_kdhc�lhqdb�aj_gby�njZdlZe��ba\bebkl��^Z`_�\�[_kdh�

g_qgh�fZehc�hdj_klghklb�ex[hc�k\h_c�lhqdb�b�^ebgZ�_]h��k�lhiheh]b�

q_kdhc� lhqdb� aj_gby�� [_kdhg_qgZ�� \� lh� \j_fy�� dZd� �ba\bebklhklv�� b�

iehsZ^v�lj_sbgu�dhg_qgu��Ihwlhfm��njZdlZevgZy�fh^_ev�ijbf_gbfZ�

^ey�fZkrlZ[h\�fgh]h�[hevrbo�oZjZdl_jguo�jZaf_jh\�fbdjhkljmdlm�

ju�kj_^u��gZijbf_j��jZaf_jZ�a_jgZ�^ey�f_lZeeh\��gh�fgh]h�f_gvrbo��

q_f�]_hf_ljbq_kdb_�jZaf_ju�l_eZ�� 
 �JZkkfhljbf� aZ^Zqm� h[� mijm]hc� iehkdhklb�� hkeZ[e_gghc� \uj_�

ahf� \� \b^_� kbff_ljbqghc� emgdb�� jZkly]b\Z_fhc� gZ� [_kdhg_qghklb�

jZ\ghf_jghc�gZ]jmadhc��jbk������LZdZy�aZ^ZqZ�[ueZ�j_r_gZ�g_aZ\bkb�

fh�?�<_cg_e_f�b�Q�Ebg]hf��Wlh�j_r_gb_�\�baeh`_gbb�Y�K�Mneyg^Z�

ijb\_^_gh�\�>�@��������������������������� 
 

 
Jbk�� 

 

Ij_^iheh`bf�� qlh� lj_sbgu�� \uoh^ysb_� ba� \_jrbg� emgdb��

ij_^klZ\eyxl�kh[hc�njZdlZeu�jZaf_jghklb�' ��>Ze__�[m^_f�]h\hjblv�

ebrv�h[�h^ghc�ba�wlbo�lj_sbg��hq_\b^gh��qlh�ijh�\lhjmx�ba�gbo�fh`�

gh� kdZaZlv� \k_� lh`_� kZfh_��Imklv� hgZ� �\� kj_^g_f�� jZkijhkljZgy_lky�

\^hev�hkb�\��l�_��\^hev�lj_sbgu� �a>< [ ��Imklv�lj_sbgZ�jZkijhkljZ�

gbeZkv� gZ� \_ebqbgm ε � \^hev� hkb� \� b� gZ� \_ebqbgm 
�

ε  \^hev� hkb� [ , 
εε <<

�
��GZ�fZkrlZ[Zo��kjZ\gbfuo�k�ε ��lj_sbgZ��\�kj_^g_f��\u]ey^bl�

dZd�h^ghf_jguc�jZaj_a��gh�ijb�
�
OUO <<<< ���]^_� O  -�jZaf_j���k\yaZgguc�

k�fbdjhkljmdlmjhc�l_eZ��\�dhlhjhf�jZkijhkljZgy_lky�lj_sbgZ��
�
O  -�oZ�

jZdl_jguc� ]_hf_ljbq_kdbc� jZaf_j� wlh]h� l_eZ�� Z� U  -� fZkrlZ[� njZd�

lZevghc�fh^_eb�����bklbggZy��^ebgZ�lj_sbgu� / �k\yaZgZ�k�jZaf_jhf�ε  
ih�njZdlZevghfm�aZdhgm� '/ εa . 
 :kbfilhlbq_kdb_�nhjfmeu�^ey�gZijy`_gbc�[ueb�ihemq_gu�;��

G��K_f_gh\uf�\�jZ[hl_�>�@� 
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Z�dhwnnbpb_gl� ( )ω
�
F �fh`_l�[ulv�ihkqblZg�b�ij_^klZ\e_g�\�\b^_�]jZ�

nbdZ��jbk�����Hlf_lbf��qlh� ( ) ����
�

=πF �Z� ( ) ���
�
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Jbk��  
 

Ihkdhevdm� \� j_amevlZl_� jZajmr_gby� \�m]eZo�emgdb�h[jZamxlky�

gZ^ju\u��lj_sbgu���lh�ihe_�i_j_f_s_gbc�ke_^m_l�hij_^_eylv�ba�j_�

r_gby� aZ^Zqb� h� jZajmr_gbb� iehkdhklb� ijb� h^ghhkghf� jZkly`_gbb��

hkeZ[e_gghc�emgdhc�k�gZ^j_aZfb��jbk�����Imklv�ba�m]eZ�emgdb�\ujhkeZ�

lj_sbgZ�^ebgu� D<<ε �\^hev�hkb� \ . 
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 Wg_j]_lbq_kdbc� djbl_jbc� =jbnnblkZ� kljZ]b\Zgby� lj_sbgu�

fh`gh�aZibkZlv�\�\b^_� 
∆Π=∆: , 

]^_� :∆  –�jZ[hlZ�ih�jZkdjulbx�lj_sbgu��aZljZq_ggZy�gZ�h[jZah\Zgb_�

gh\hc�ih\_joghklb��Z�∆Π  –�ih\_joghklgZy�wg_j]by�lj_sbgu� 
 Ihevamykv�ijb\_^_ggufb�ZkbfilhlbdZfb�^ey�gZijy`_gbc�b�i_�

j_f_s_gbc� \� hdj_klghklb� m]eh\� emgdb�� fh`gh� ijhba\_klb� ih^kq_l�

∫ =−=∆
ε

σ
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 Ih\_joghklgmx� wg_j]bx� lj_sbgu� [m^_f� kqblZlv� q_j_a�bklbg�
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gmx� �njZdlZevgmx�� ^ebgm� lj_sbgu�� lZd� dZd� g_h[oh^bfh� mqblu\Zlv�

fbdjhkljmdlmjm�jZajmr_gby��lh�_klv 
  

'εγ�−=∆Π . 
 

 Hq_\b^gh��qlh[u�ihemqblv�\ujZ`_gb_�^ey�djblbq_kdhc�gZ]jma�

db�ba�mjZ\g_gby�wg_j]_lbq_kdh]h�[ZeZgkZ� ∆Π=∆: ��g_h[oh^bfh�ih�

lj_[h\Zlv�kh\iZ^_gby�ihdZaZl_e_c�kl_i_gb�ε �\�e_\hc�b�ijZ\hc�qZklyo�

wlh]h�khhlghr_gby��lh�_klv� 
 

µ�=' . 
 

 G_�mf_gvrZy�h[sghklb��fh`_f�kqblZlv�^ebgm�emghqgh]h�\uj_aZ�
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' �fh`_l�\uklmiZlv�\�jheb�jZaf_jghklb�OZmk^hjnZ�njZdlZevghc�djb�

\hc� �Ff���gZijbf_j�� >�@���Hij_^_eb\�lZdbf�h[jZahf�njZdlZevgmx�jZa�

f_jghklv� lj_sbgu� ba� nhjfZevguo� khh[jZ`_gbc� m^h\e_l\hj_gby�

mjZ\g_gbx� wg_j]_lbq_kdh]h� [ZeZgkZ�� fh`_f� \ujZablv� djblbq_kdmx�
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 BlZd��fh^_ebjmy�lj_sbgm�njZdlZehf�^jh[ghc�jZaf_jghklb��dh�

lhjZy� h^ghagZqgh� hij_^_ey_lky� \_ebqbghc� m]eZ� emghqgh]h� \uj_aZ��

m^Zehkv� m^h\e_l\hjblv� mjZ\g_gbx� wg_j]_lbq_kdh]h� [ZeZgkZ� \� jZk�

kfZljb\Z_fhc� aZ^Zq_�b�ijb�ihfhsb�wlh]h�mjZ\g_gby�gZclb�djblbq_�

kdmx�gZ]jmadm��ijb� dhlhjhc�gZqbgZ_lky�ijhp_kk�jZajmr_gby��Djhf_�
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lh]h�� ihemq_gZ� nhjfmeZ� ^ey� njZdlZevghc� jZaf_jghklb� lj_sbgu��

^ZxsZy�\hafh`ghklv�ij_^kdZau\Zlv�\b^�ih\_joghklb�jZajmr_gby�ih�

\_ebqbg_�m]eZ�emgdb�b�gZh[hjhl [9]. 
 <� aZdexq_gb_� i_j_ibr_f� ihemq_ggu_� \ur_� j_amevlZlu�� bk�

ihevamy�\ujZ`_gb_�^ey�njZdlZevghc�jZaf_jghklb�h[jZamxsboky�lj_�

sbg� 
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]^_�
�
U  –�g_dhlhjZy�oZjZdl_jgZy�\_ebqbgZ�k�jZaf_jghklvx�^ebgu��Ih�

emq_ggu_�Zkbfilhlbdb�kh\iZ^Zxl�k�ZkbfilhlbdZfb��ijb\_^_ggufb�\�

[2], [3], [4]. 
 Ij_^klZ\e_ggZy�jZ[hlZ�ihdZau\Z_l��qlh�ijb�ihfhsb�njZdlZev�

ghc�]_hf_ljbb�fh`gh�g_�lhevdh�knhjfmebjh\Zlv�\�gh\hf�k\_l_�ijbg�

pbiu�f_oZgbdb�d\Zabojmidh]h�jZajmr_gby��gh�b�j_rZlv�dhgdj_lgu_�

aZ^Zqb��k�dhlhjufb�g_�\�kbeZo�kijZ\blvky�deZkkbq_kdZy�l_hjby�� 
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