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<� jZ[hl_� ijb\_^_g� gh\uc� djbl_jbc� agZdhhij_^_e_gghklb� d� dhgmk_� ijh�
kljZgkl\Z� ℜQ � d\Z^jZlbqguo� b� d\Zabd\Z^jZlbqguo�nhjf��>hdZaZl_evkl\h� hkgh\�
guo�j_amevlZlh\�ijb\_^_gh�^ey�g_hljbpZl_evgh�dhgmkZ� . [ [

Q Q

+ ≥ ∈ℜ� �� ��KemqZc�

ijhba\hevgh]h�hdlZglZ�ijhkljZgkl\Z� ℜQ �k\h^blky�d� . Q

+ �iml_f�g_dhlhjhc�aZf_gu�
i_j_f_gguo�>�@� 

AZ�ihke_^gb_�ljb^pZlv�e_l�him[ebdh\Zgh�agZqbl_evgh_�qbkeh�jZ[hl��hlgh�
kysboky� d� \hijhkZf� bkke_^h\Zgby� agZdhhij_^_e_gghklb� d\Z^jZlbqguo� nhjf� \�
dhgmk_��gZijbf_j�jZ[hlu�>�-�@��h^gZdh�ijb\_^_ggu_�\�gbo�djbl_jbb�agZdhhij_^_�
e_gghklb�\� . Q

+ �g_�^hklZlhqgh�dhgkljmdlb\gu�ijb�[hevrhc�jZaf_jghklb�dhgmkZ��<�
qZklghklb� djbl_jbb�BkdZg^_jZ-AZ^_� >�@� b�K� :� @blgbdh\Z� >�@�� ljm^gh� j_Zebah�
\Zlv�m`_�\�kemqZ_�lj_o�i_j_f_gguo� 

 
Ijb\_^_gguc�\�gZklhys_c�klZlv_�ih^oh^�d�j_r_gbx�mdZaZgguo�

\ur_� aZ^Zq�iha\hey_l� k\_klb�\hijhk�h� agZdhhij_^_e_gghklb �d\Z^jZ�
lbqguo�nhjf� \�dhgmk_�d�bkihevah\Zgbx�fh^bnbpbjh\Zggh]h�djbl_�
jby� Kbev\_kljZ� ^ey� kemqZy�� dh]^Z� g_dhlhju_� we_f_glu� fZljbpu� A 
mfgh`Zxlky� gZ� h^bg� b� lhl�`_� iZjZf_lj� λ � b� j_ZebaZpby� khhl\_lkl�
\mxs_]h�djbl_jby�g_�\uau\Z_l�k_jv_aguo�aZljm^g_gbc�ijb�j_r_gbb�
aZ^Zq�[hevrhc�jZaf_jghklb� 

D\Zabd\Z^jZlbqgu_� nhjfu� bkke_^mxlky� ZgZeh]bqgh�� aZf_lbf��
qlh�wlh�ihgylb_�[ueh�\i_j\u_�\\_^_gh�\�jZkkfhlj_gb_�\�gZr_c�jZ[hl_�
[1]. 

Imklv� AxxxV T=)(  -�d\Z^jZlbqgZy�nhjfZ��]^_� nx ℜ∈ , A -�\_s_�
kl\_ggZy�kbff_ljbqgZy�ihklhyggZy�fZljbpZ�jZaf_jghklb� nn× �k�we_�
f_glZfb� ska ( nks ,1, = ��� ?keb� ^ey� g_dhlhjhc� d\Z^jZlbqghc� nhjfu�

xAxxU T
1)( = �\�dhgmk_� nK+ �\uihegy_lky�g_jZ\_gkl\h 

 
xAxAxx TT

1≥ ,      (1) 
 

lh�fZljbpm� 1A � [m^_f� gZau\Zlv� �hp_ghqghc��fZljbp_c� ^ey�fZljbpu�

�
$ . 

L_hj_fZ��. >ey�lh]h��qlh[u�d\Z^jZlbqgZy�nhjfZ� AxxxV T=)(  

[ueZ�nmgdpb_c�iheh`bl_evghc�agZdhhij_^_e_gghc�\�dhgmk_� nK+ ��g_h[�
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oh^bfh� b� ^hklZlhqgh� kms_kl\h\Zgb_� ^ey� fZljbpu� A� hp_ghqghc�

fZljbpu� 1A ��iheh`bl_evghc�agZdhhij_^_e_gghc�\�ijhkljZgkl\_�
nℜ . 

>hklZlhqghklv�mkeh\bc�l_hj_fu�hq_\b^gZ� 
G_h[oh^bfhklv�� hq_\b^gh�� lZd`_� [m^_l� bf_lv� f_klh� \� kemqZ_��

dh]^Z� kZfZ� fZljbpZ� A� m^h\e_l\hjy_l� mkeh\bx� Kbev\_kljZ�� <� wlhf�
kemqZ_�fh`gh�iheh`blv� 1AA = ��Imklv� ( )xV �y\ey_lky�nmgdpb_c�iheh�

`bl_evghc�agZdhhij_^_e_gghc�lhevdh�\� nK+ . 
Iheh`bf 

Axxl T

Kxx n
+∈=

=
,1

min      (2) 

 
]^_� 0>l ��Ykgh��qlh�\�wlhf�kemqZ_�\k_]^Z�gZc^_lky�iheh`bl_evgZy�agZ�
dhhij_^_e_ggZy�fZljbpZ� 1A ��gZb[hevr__�kh[kl\_ggh_�agZq_gb_�dhlh�

jhc�µ ≤ l��Gh�lh]^Z�ijb� 1=x �ihemqbf 

 
AxxlxAx T

Kxx
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x n
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=≤=
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1
1

minmax µ ,                         (3) 

 
qlh�b�^hdZau\Z_l�g_h[oh^bfhklv�mkeh\bc�l_hj_fu� 

LZdbf� h[jZahf�� \hijhk� bkke_^h\Zgby� agZdhhij_^_e_gghklb� \�

dhgmk_� nK+ �d\Z^jZlbqghc�nhjfu� AxxT �k\h^blky�d�ihkljh_gbx�khhl�
\_lkl\mxs_c�hp_ghqghc�fZljbpu� 1A �b�ijh\_jd_�\uiheg_gby�^ey�g__�
mkeh\bc�Kbev\_kljZ� 

<�^Zevg_cr_f�[m^_f�ij_^iheZ]Zlv��qlh� \k_�^bZ]hgZevgu_� we_�
f_glu�h[hbo�fZljbp�kh\iZ^Zxl�b�qlh�hgb�iheh`bl_evgu� 

>ey�ihkljh_gby�hp_ghqghc�fZljbpu� 1A �mfgh`bf�\k_�iheh`b�
l_evgu_�g_^bZ]hgZevgu_� we_f_glu� ( )ksask ≠ �gZ�iZjZf_lj� 1≤λ ��Ih�
emq_ggZy�fZljbpZ� ( )λ1A ��hq_\b^gh��[m^_l�hp_ghqghc�^ey A. 

>Ze__�jZkkfhljbf�g_kdhevdh�\hafh`guo�kemqZ_\� 
��� ?keb� \k_� g_^bZ]hgZevgu_� we_f_glu� fZljbpu� A� g_hljbpZ�

l_evgu�� fh`gh� iheh`blv� 0=λ � b� ijb� wlhf� hp_ghqgZy� fZljbpZ�

( ) 001 >A �\� nℜ ��ke_^h\Zl_evgh��\�wlhf�kemqZ_� 0>AxxT �\� nK+ . 
���?keb� \k_�g_^bZ]hgZevgu_� we_f_glu�fZljbpu� A�g_�iheh`b�

l_evgu��lh�nhjfZ� 0>AxxT �\� nK+ �ebrv�\�kemqZ_�>�@��dh]^Z�fZljbpZ�: 
m^h\e_l\hjy_l�djbl_jbx�iheh`bl_evghc�hij_^_e_gghklb�Kbev\_kljZ� 

LZdbf� h[jZahf�� gZf� hklZ_lky� jZkkfhlj_lv� kemqZc�� dh]^Z� kj_^b�
g_^bZ]hgZevguo�we_f_glh\�fZljbpu� A�_klv�dZd�iheh`bl_evgu_��lZd�b�
hljbpZl_evgu_�qbkeZ��Lh]^Z�kljhbf�hp_ghqgmx�fZljbpm� ( )λ1A �b�ijh�
\_jy_f�^ey�g__�\uiheg_gb_�khhl\_lkl\mxsbo�mkeh\bc�Kbev\_kljZ� 
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=eZ\gu_� ^bZ]hgZevgu_�fbghju�fZljbpu� ( )λA , ( )1≤λ � h[hagZ�
qbf� q_j_a� ( ) ( ) ( )λλλ An det,...,, 21 =∆∆∆ �� G_ljm^gh� \b^_lv�� qlh� 1∆  - 
fgh]hqe_g�gme_\hc�kl_i_gb�hl� λ , ( ) ( )λλ 22 P=∆  -�fgh]hqe_g�gme_\hc�
beb�\lhjhc�kl_i_gb��Z�ijb� 2>k  ( ) ( )λλ kk P=∆  –�fgh]hqe_g�kl_i_gb�g_�
\ur_�k . 

Iheh`bf� 1σ : 1≤λ ��h[hagZqbf�q_j_a� 2σ �fgh`_kl\h�gZ�dhlhjhf�
( ) 02 >λP ��«����q_j_a� nσ  h[hagZqbf�fgh`_kl\h�gZ�dhlhjhf� ( ) 0>λnP . 

?keb�wlb�fgh`_kl\Z�g_�imklu�b�bo�i_j_k_q_gb_� �
n

k
k

1=
∅≠= σσ ��lh�ijb�

ex[hf�agZq_gbb� σλλ ∈= �hp_ghqgZy�fZljbpZ� 0)( >λA �\� nℜ �b�bkke_�
^m_fZy�d\Z^jZlbqgZy�nhjfZ�[m^_l�nmgdpb_c�iheh`bl_evghc�agZdhhi�

j_^_e_gghc�\�dhgmk_� nK+ . 
<�dZq_kl\_�ijbf_jZ�jZkkfhljbf�d\Z^jZlbqgmx�nhjfm 
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<�wlhf�kemqZ_�hp_ghqgZy�fZljbpZ�bf__l�\b^� 
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1σ : 1≤λ ; 2σ : 1<λ ; 3σ : 8603795,01937129,0 <<− λ �� Ijb� wlhf�

3σσ = �� lZdbf� h[jZahf� ijb� ex[hf� agZq_gbb� 3σλ ∈  ( ) 0>λA � \� ijh�

kljZgkl\_� 3ℜ �b�bkke_^m_fZy�d\Z^jZlbqgZy�nhjfZ�[m^_l�hij_^_e_ggh-
iheh`bl_evghc� \� 3

+K �� \� qZklghklb� ijb� 0=λ  11 =∆ , ( ) 102 =∆ , 
( ) 103 =∆ . 

JZkkfhljbf�^Ze__�d\Zabd\Z^jZlbqgmx�nhjfm 
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kssk

n

ks
kksssk aaxxaxV == ∑

=
ϕϕ ,    (4) 

 
]^_� 0)( >sss xxϕ �ijb� 0≠sx �b�g_ij_ju\gu� 

?keb�iheh`blv� ),1()( nsyx sss ==ϕ �� lh�ijb^_f�d�d\Z^jZlbqghc�
nhjf_ 

AyyyyayU T
n

ks
kssk == ∑

=1,

)( ��]^_� n
yy ℜ∈     (5) 
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L_hj_fZ� �. ?keb�^ey�fZljbpu� A�gZc^_lky� agZdhhij_^_e_ggZy�

iheh`bl_evgZy�hp_ghqgZy�fZljbpZ� 1A ��lh�d\Zabd\Z^jZlbqgZy�nhj�

fZ� (4)� [m^_l� agZdhhij_^_e_gghc� iheh`bl_evghc�nmgdpb_c� \� dhgmk_�
n
x

nK ℜ⊂+ . 

>_ckl\bl_evgh�� _keb� fZljbpZ� 01 >A  \� n
yℜ �� lh� d\Z^jZlbqgZy�

nhjfZ� ( )yU � [m^_l� iheh`bl_evghc� agZdhhij_^_e_gghc� \� dhgmk_� nK+  

ijhkljZgkl\Z� n
yℜ ��G_ljm^gh�\b^_lv��qlh�ijb� wlhf�\�dhgmk_� n

x
nK ℜ⊂+  

iheh`bl_evghc�agZdhhij_^_e_gghc�[m^_l�b�d\Zabd\Z^jZlbqgZy�nhjfZ�
(4). 

JZkkfhljbf�d\Zabd\Z^jZlbqgmx�nhjfm� ( )xV �\b^Z�����\�ij_^ih�
eh`_gbb�� qlh� \k_� nmgdpbb� ( )ss xϕ � m^h\e_l\hjyxl� g_jZ\_gkl\Zf�

( ) 0>ss xϕ �ijb� 0≠sx  ( )ns ,1= ��<�wlhf�kemqZ_�[m^_f�gZau\Zlv�jZkkfZl�
jb\Z_fmx�nmgdpbx� ( )xV �d\Zabd\Z^jZlbqghc�nhjfhc�\lhjh]h�lbiZ� 

G_ljm^gh�\b^_lv��qlh�bf__l�f_klh�ke_^mxsZy�l_hj_fZ� 
L_hj_fZ��. D\Zabd\Z^jZlbqgZy�nhjfZ�\lhjh]h�lbiZ�[m^_l�ih�

eh`bl_evghc�agZdhhij_^_e_gghc�\�
n
xℜ , lh]^Z�b�lhevdh�lh]^Z��dh]^Z�

d\Z^jZlbqgZy�nhjfZ� ( ) ∑
=

=
n

ks
kssk zzazW

1,

( )kssk aa = �[m^_l�nmgdpb_c�ih�

eh`bl_evghc� agZdhhij_^_e_gghc� \� g_hljbpZl_evghf� dhgmk_�
nK+ : 

0≥sz  ( )ns ,1= . 
Ijhbeexkljbjm_f�L_hj_fm� ��jZkkfhlj_gb_f� ke_^mxs_]h�ijb�

f_jZ� 
Bkke_^m_f� mklhcqb\hklv� kbkl_fu� ^bnn_j_gpbZevguo� mjZ\g_�

gbc 
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Iheh`bf� ( )2
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2
2

2
12

1
xxxV ++= �� lh]^Z� \� kbem� wlhc� kbkl_fu�

( ) ( )3216 ,, xxxUV −=′ �� ]^_� nmgdpby� 8 � [m^_l� d\Zabd\Z^jZlghc� nhjfhc�

\lhjh]h�lbiZ�ke_^mxs_]h�\b^Z� 
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xℜ � _keb�
d\Z^jZlbqgZy�nhjfZ 
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+K : 01 ≥z , 02 ≥z , 
03 ≥z . 
>ey� fZljbpu� A� d\Z^jZlbqghc� nhjfu� W � hp_ghqghc� y\ey_lky�

fZljbpZ 
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1 λ
λ

λA ���]^_� 1≤λ . 

 
G_ljm^gh�\b^_lv��qlh�fZljbpZ� ( )λA �[m^_l�m^h\e_l\hjylv�djbl_�

jbx�Kbev\_kljZ�_keb� ( )135,0∈λ ��Ke_^h\Zl_evgh�� ( ) ( )3216 ,, xxxUV −=′  

[m^_l� nmgdpb_c� hljbpZl_evghc� agZdhhij_^_e_gghc� \� ijhkljZgkl\_
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