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Bkke_^h\Zgu�\hegu�djmq_gby�gZ�pbebg^jbq_kdhc�ihehklb�\�mijm]hc�ihem�

[_kdhg_qghc� kj_^_�� <hegu� \ua\Zgu� klZpbhgZjgufb� djmlbevgufb� dhe_[Zgbyfb�

kp_ie_ggh]h�k�ihemijhkljZgkl\hf�iehkdh]h�djm]h\h]h�rlZfiZ��Baeh`_gZ�l_ogbdZ�

dhglmjgh]h� �ij_h[jZah\Zgby�bgl_]jZeh\��\hagbdZxsbo�\�ih^h[guo� aZ^ZqZ��Ijb�

\_^_g�Ze]hjblf�b�j_amevlZlu�qbke_gguo�jZkq_lh\�aZ\bkbfhklb�fh^mey�dhfie_dk�

ghc�Zfieblm^u�\_dlhjZ�i_j_f_s_gbc�gZ�pbebg^jbq_kdhc�ih\_joghklb�hl�\_jlb�

dZevghc�dhhj^bgZlu�dZd�\�[eb`g_c��lZd�b�\�^Zevg_c��ahg_� 
  

 
<� �aZ^ZqZo�h�\ugm`^_gghf�^\b`_gbb�ihem[_kdhg_qghc�kiehr�

ghc�b�kehbklhc�mijm]hc�kj_^u�[hevrhc�bgl_j_k�ij_^klZ\ey_l�jZkij_�

^_e_gb_� \� g_c� \hegh\h]h�ihey��GZ� _]h�nhjfbjh\Zgb_� \eby_l� kihkh[�

\ha[m`^_gby�\heg��]jZgbpZ��nbabq_kdb_�k\hckl\Z�kj_^u�b�^jm]b_�nZd�

lhju��Bamq_gb_�bo�\ebygby�gZ�oZjZdl_j�ihey�fh`_l�iha\heblv�j_rZlv��

bf_xsb_�\Z`gh_�ijZdlbq_kdh_�agZq_gb_��h[jZlgu_�aZ^Zqb��l�_��ih�ba�

\_klghfm�\hegh\hfm�ihex�km^blv�h�_]h�bklhqgbdZo��]_hf_ljbb�b�nb�

abq_kdbo�k\hckl\Zo�kj_^u� 
GZb[he__�ijhklufb�\�wlhf�ieZg_�y\eyxlky�aZ^Zqb�h�\ugm`^_g�

ghf�^\b`_gbb�mijm]h]h�ihemijhkljZgkl\Z�ih^�^_ckl\b_f�ijbeh`_g�

guo�gZ�_]h�]jZgbp_�]Zjfhgbq_kdbo�gZ]jmahd��AZ^Zqb��lZdh]h�lbiZ�jZk�

kfZljb\Zebkv�\h�fgh]bo�jZ[hlZo��<�qZklghklb��\�jZ[hl_��>�@��ih^jh[gh�

baeh`_gu�j_amevlZlu��bkke_^h\Zgby�aZdhghf_jghkl_c��jZkijhkljZg_�

gby�\heg� �b�ijh\_^_g�]em[hdbc�dhebq_kl\_gguc�b�dZq_kl\_gguc�ZgZ�

eba��klZpbhgZjguo�\hegh\uo�ihe_c��\�mijm]bo�kj_^Zo��mdZaZgghc�]_h�

f_ljbb��Ijb\_^_ggu_��ZgZeblbq_kdb_��\ujZ`_gby�^ey�\hegh\uo�ihe_c�

ihemq_gu� f_lh^hf� dhglmjguo� ij_h[jZah\Zgbc� bgl_]jZeh\� \� dhf�

ie_dkghc�iehkdhklb��Wlb�j_r_gby�m^h\e_l\hjyxl�nbabq_kdbf�lj_[h�

\Zgbyf�b�h[_ki_qb\Zxl�_^bgkl\_gghklv�j_r_gby�aZ^Zq��DZq_kl\_gguc�

oZjZdl_j� ihe_c� \� ^Zevg_c� ahg_� ihemq_g� Zkbfilhlbq_kdhc� hp_gdhc�

dhglmjguo�bgl_]jZeh\�f_lh^hf�gZb[uklj_cr_]h�kimkdZ��H^gZdh��dZd�

hlf_qZ_lky�\�>�]��fZl_fZlbq_kdZy�keh`ghklv�mdZaZgguo��aZ^Zq��g_�ih�
a\hey_l� ijh\_klb� kdhev-gb[m^v� ih^jh[guc� � dhebq_kl\_gguc� ZgZeba�
\hegh\h]h�ihey�\[ebab�ijbeh`_gby�gZ]jmadb��[eb`g_]h�ihey��� 

>ZggZy�klZlvy��ihk\ys_gZ��dhebq_kl\_gghfm��ZgZebam�\hegh\h]h�

ihey�dZd�\[ebab��lZd� �b�\^Zeb�hl�bklhqgbdZ�\ha[m`^_gby��JZkkfZljb�

\Z_fZy�gZfb� �ihem[_kdhg_qgZy�mijm]Zy�kj_^Z� � �≥] � �kh^_j`bl�\_jlb�

dZevgmx�k\h[h^gmx�hl�gZijy`_gbc�pbebg^jbq_kdmx�\u_fdm�jZ^bmkZ 
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a ��JZkkqblu\Z_lky� �ihe_�\heg�djmq_gby�gZ� �pbebg^jbq_kdhc�ih\_jo�
ghklb�\�aZ\bkbfhklb�hl�dhhj^bgZlu�� z.  

<hegu�\ha[m`^Zxlky�djmlbevgufb�dhe_[Zgbyfb�kp_ie_ggh]h�k�

ihemijhkljZgkl\hf�iehkdh]h�djm]h\h]h�rlZfiZ�jZ^bmkZ�b�\hdjm]�hkb��
ihehklb�ijhoh^ys_c�q_j_a�p_glj�rlZfiZ��Dhe_[Zgby�rlZfiZ�\ua\Zgu�

\ha^_ckl\b_f�gZ�g_]h�]Zjfhgbq_kdh]h�\h�\j_f_gb�djmlbevgh]h�fhf_g�

lZ� )(expRe 0 tiM ω ��Hlf_lbf��qlh�\�ih^h[guo�aZ^ZqZo��jZkkfhlj_gguo�

jZg__�\�jZ[hlZo�[7,8] bkke_^h\Zebkv�Zfieblm^gh-��b�nZah\h-qZklhlgu_�
oZjZdl_jbklbdb�dhe_[Zgbc�rlZfiZ��dhglZdlgu_�gZijy`_gby�b�kj_^gyy�

aZ�i_jbh^�fhsghklv��baemqZ_fZy�\�ihemijhkljZgkl\h� 
<hkihevam_fky� j_amevlZlZfb� j_r_gby� ^bgZfbq_kdhc� dhglZdl�

ghc� aZ^Zqb�h�djmlbevguo�dhe_[Zgbyo�rlZfiZ�gZ�ihemijhkljZgkl\_�k�

pbebg^jbq_kdhc�ihehklvx� >�@��Ke_^my�wlhc�jZ[hl_�aZibr_f�\ujZ`_�

gb_�^ey�m]eh\hc�dhfihg_glu�\_dlhjZ�i_j_f_s_gbc� 
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emq_gby�Ahff_jn_ev^Z�>�@���_keb��� k<<ξ0 ��b��aZlmoZ_l�gZ�[_kdhg_qgh�

klb�_keb� .k>ξ   
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jZaj_aZf�� 0)(Re =ζκ ��\uoh^ysbf��ba�lhq_d���\_l\e_gby� )( kik ′−±=ζ  
^\magZqgh]h�jZ^bdZeZ� )(ζκ ��b��moh^ysbo�\�lhqdb�� 0±∞= i#ζ . Qlh[u�
m^h\e_l\hjblv� mkeh\byf� baemq_gby�� \u[bjZ_f� ebkl�� gZ� dhlhjhf��

0)(Re >ζκ ���DZd�b�\�[7] bkihevam_lky�f_lh^�ij_^_evgh]h�ih]ehs_gby�
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AZfdgmlu_�dhglmju��
��

LL , �\������jZkiheh`_gu�khhl\_lkl\_ggh�\��-f��b��
4-f��d\Z^jZglZo��dhfie_dkghc�iehkdhklb�b�ihdZaZgu�gZ�jbk����Dhglm�
ju�khklhyl�ba�fZeuo�  εζ = �b�[hevrbo� � R=ζ �^m]�hdjm`ghkl_c�kh�

_^bg_gguo�hlj_adZfb�^_ckl\bl_evghc�b�fgbfhc��hk_c��Dhglmj�
�

L  kh�
^_j`bl��i_lex���h[oh^ysmx�lhqdm�\_l\e_gby�� kik ′−=ζ  \^hev�[_j_�

]h\��jZaj_aZ�� kk ′−=ξη .  
Nmgdpbb� ( )ζmF � bf_xl� ijhklu_� dhfie_dkgu_� ihexkZ�

1.28137380i0.42948496+==
��

�� � � b� � � 0�� =
�

�� y\eyxsb_ky� gmeyfb�

nmgdpbc�OZgd_ey�� ( ) 00
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2 =�H )(  –�\��-f�d\Z^jZgl_��b�� ( ) 00
1

2 =�H )(  –�\�
4-f� � d\Z^jZgl_��MdZaZggu_�gmeb�g_ljm^gh�ihemqblv�� agZy�dhfie_dk�

gu_�gmeb�nmgdpbb�FZd^hgZev�

^Z�� ( )�K2  [4]. 
<� j_amevlZl_� ij_^_evgh]h� i_�

j_oh^Z�� �→= εζ ��\�kbem�h]jZ�

gbq_gghklb�nmgdpbb�����\�gme_�

bgl_]jZeu�ih�fZeuf�^m]Zf�h[�

jZlylky�\�gmev��Ijb� ∞→= Rζ , 

\� kbem� ba\_klghc� e_ffu� � [6] , 
ba� \uiheg_gby� mkeh\by���

( ) 0lim =
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I_j_oh^� d� kj_^_� [_a� aZ�

lmoZgby� ( )0→′k � ijb\h^bl� d�

i_j_f_s_gbx� lhqdb� \_l\e_gby��

kik ′−=ζ � gZ� � ^_ckl\bl_evgmx�

hkv�\�lhqdm� � k=ξ � �b� �d�^_nhj�

fZpbb�jZaj_aZ��dhlhjuc�aZcf_l�hlj_ahd�� k≤≤ ξ0 �\_s_kl\_gghc�hkb��b�

hljbpZl_evgmx�qZklv�� 0<η  –��fgbfhc��JZkibku\Zy�bgl_]jZe�ih�i_le_�
\hdjm]�jZaj_aZ�k�mq_lhf�_]h�ij_^_evghc�nhjfu�b� agZdh\� ( )ζκIm �gZ�
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b� � khhlghr_gby�f_`^m� pbebg^jbq_kdbfb�nmgdpbyfb� dhfie_dkgh]h�

Zj]mf_glZ – ( ) ( )�� ζζ ZZn = ��Z�lZd`_��khhlghr_gb_��–  ( ) ( )�� ζκζκ = . 
Bkke_^m_f�aZ\bkbfhklv�dhfie_dkghc�Zfieblm^u��\_dlhjZ�i_j_�

f_s_gbc� ������gZ�ih\_joghklb�ihehklb� � ( )ar = �hl�dhhj^bgZlu�� z��;m�
^_f�iheZ]Zlv��qlh�i_j_f_s_gby�\ua\Zgu�dhe_[Zgbyfb�[_aug_jpbhg�

gh]h�rlZfiZ��lZd� �qlh�[_ajZaf_jgZy�fZkkZ�\�����iheZ]Z_lky�gme_\hc�– 
0=M . 

>ey� ijh\_^_gby� khhl\_lkl\mxsbo� jZkq_lh\� i_j_c^_f� \� \ujZ`_gbyo�

����� ���� b� ���� hl� i_j_f_gguo� � [ ]β��∈V ,  [ )∞∈ ;0z � k� jZaf_jghklvx��

[ ] [ ] �−== f]V  –�d�[_ajZaf_jguf�i_j_f_gguf� [ ]10;∈σ , [ )∞∈ ��] ��iheZ]Zy�

σβ=s , azz= ��Lh]^Z� ( )Ω∆ �β  \�����ijbf_l�\b^� 
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qb� �J_ckg_jZ-KZ]hpb��^ey�mijm]h]h�ihemijhkljZgkl\Z�k�\_jlbdZevghc�
pbebg^jbq_kdhc�ihehklvx��ihemq_ggh_�\�jZ[hl_�[7] : 
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,,s tVsdstVt .                                (11) 

JZkq_lu�ijh\h^bebkv�ijb�ke_^mxsbo�iZjZf_ljZo� 1.1==
a

b
p , 0.10 =β , 

��.=Ω �b� 1.1=Ω ���>ey�lZdbo�iZjZf_ljh\�j_r_gb_�bgl_]jZevgh]h�mjZ\�

g_gby������gZ�hlj_ad_�� [ ]10;∈σ ��\�lhqdZo�
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j
j =σ  ,  120;=j ��hij_^_ey�

_lky�lZ[ebp_c��� 
LZ[ebpZ�� 

 

���=Ω  ���=Ω  
Mσ  ( )MZσ5H  ( )MZ σ,P  ( )MZσ5H  ( )MZ σ,P  

0 0 0 0 0 
���  -0.1266397 -1.242137⋅10-6  -0.095461 -0.003996 

���  -0.1790884 -1.756492⋅10-6  -0.134999 -0.005651 

���  -0.2193205 -2.150917⋅10-6 -0.165331 -0.006919 

���  -0.2532212  -2.483112⋅10-6 -0.190896 -0.007988 

���  -0.2830683 -2.775399⋅10-6 -0.213409 -0.008927 

���  -0.3100306 -3.039222⋅10-6 -0.233754 -0.009776 

���  -0.3348002 -3.281357⋅10-6 -0.25245 -0.010554 

���  -0.3578287 -3.506222⋅10-6 -0.269841 -0.011276 

���  -0.3794282 -3.716867⋅10-6 -0.286161 -0.011952 

����  -0.3998271 -3.915513⋅10-6 -0.301584 -0.012589 

����  -0.4191974 -4.103833⋅10-6 -0.316238 -0.013193 

����  -0.4376717 -4.283122⋅10-6 -0.330224 -0.013768 
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JZkq_lu� ijh\h^bebkv� \� kj_^_� fZl_fZlbq_kdh]h� iZd_lZ�  Math-
CAD PLUS 7.0 PRO.� G_kh[kl\_gguc� bgl_]jZe� \� ������ kh^_j`Zsbc�

kbevgh�hkpbeebjmxsb_�nmgdpbb��\uqbkeyeky�wnn_dlb\guf�^ey�wlh]h��

kemqZy� f_lh^hf� NbehgZ� [10]�� <_jogbc� ij_^_e� ijb� wlhf� iheZ]Zeky�
jZ\guf� �����qlh�h[_ki_qb\Z_l�ij_^_evgmx� lhqghklv�kq_lZ� �gZ�PC �k�
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pbc�OZgd_ey�dhfie_dkgh]h�Zj]mf_glZ�\� kjS , �[ueZ�gZibkZgZ�ijh]jZffZ�

�\�dhfie_dkghc� Zjbnf_lbd_��� \�dhlhjhc�bkihevah\Zehkv�nhjfZevgh_�

ij_^klZ\e_gb_�^ey�� ( )ζ)(�
�

H �kh]eZkgh�[1]. 

GZ�jbk���ij_^klZ\e_gu�]jZnbdb�nmgdpbb� ( )]Φ �hij_^_eyxs_c��

k�lhqghklvx�^h�fgh`bl_ey� �

�
D0 µ ��aZ\bkbfhklv�fh^mey�dhfie_dk�

ghc�Zfieblm^u�– ( )zUϕ � �gZ�pbebg^jbq_kdhc�ih\_joghklb�hl�[_ajZa�

f_jghc� �dhhj^bgZlu� � z � �jZkq_lu�ijh\h^bebkv�\� lhqdZo� � jzj ⋅= ��. ; 

���;=j  ) ̂ ey�qZklhl�� ��.=Ω �b�� ��.=Ω .  
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AZlmoZgb_� \hafms_gby� pbebg^jbq_kdhc� ih\_joghklb� k� jhklhf�

z–�_kl_kl\_ggh�b�hl\_qZ_l�fZl_fZlbq_kdhc�ihklZgh\d_�aZ^Zqb�–�lj_�
[h\Zgbx�jZkijhkljZg_gby�\hafms_gby�hl�bklhqgbdZ��mkeh\b_�baemq_�

gby�Ahff_jn_ev^Z��b�aZlmoZgby�gZ�[_kdhg_qghklb� 
IjhkljZgkl\_ggmx�imevkZpbx�Zfieblm^u�dhe_[Zgbc�ih\_jogh�

klb�ihehklb�fh`gh�h[tykgblv�ih�ZgZeh]bb�k�[b_gbyfb��dhlhju_��dZd�

ba\_klgh�� \hagbdZxl� ijb� keh`_gbb� ^\mo� ]Zjfhgbq_kdbo� \h� \j_f_gb�

dhe_[Zgbc��[ebadbo�ih�qZklhl_��<�^Zgghf�kemqZ_�\hagbdZxl�©[b_gbyª�

ih�dhhj^bgZl_��Wlh�hq_\b^gh�k\yaZgh�k�l_f��qlh� �\ujZ`_gb_� �����kh�

^_j`bl� keZ]Z_fu_� ������ ]Zjfhgbq_kdb� aZ\bkysb_� hl� dhhj^bgZlu� z , 
h^gh�ba�dhlhjuo�^hihegbl_evgh�bgl_]jbjm_lky��ih�σ ����lZd�qlh�\�j_�

amevlZl_�kdeZ^u\Zxlky�]Zjfhgbq_kdb_�ih�dhhj^bgZl_�\hafms_gby�fZ�

eh�hlebqZxsb_ky�ih�qZklhl_�� 
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